The focus of the present work is on the investigation of the separation point and its relative location in a circular diffuser carrying incompressible laminar flow in the presence of a non-uniform external magnetic field. Two different approaches are deployed in the present analysis. In the first approach, a similarity transform is applied to reduce the momentum equation to the nonlinear ordinary differential equation (ODE). The ODE is solved by a dual integral-numerical method and the separation position is directly determined. In this combined numerical-integral methodology, the integration is applied followed by a numerical method. In the second approach, the equation is solved by the least square method (LSM), and the separation position is indirectly specified. In this study it is shown that the magnetic field intensity can be manipulated to postpone the separation such that it could be eliminated totally. Comparing the results yields a good agreement. It has been concluded that by increasing the magnetic field intensity, as the Lorentz force increases, increased shear stress on the wall and delay in the occurrence of the separation position are observed.
Introduction
Magnetohydrodynamics (MHD) is a physical-mathematical framework concerned with the dynamics of magnetic fields in electrically conducting fluids. It focuses on the interaction between the hydrodynamic boundary layer and the electromagnetic field. Today, the study of MHD flow is not only of increasing interest in studying fluid mechanics, but also for studies in many disciplines formulated as branches of physics including, but not limited to, mathematical or condensed matter physics, astrophysics, geophysics, and biophysics. According to the literature, in a wide range of research spectra, MHD and fluid dynamics are indispensable Ghadikolaei et al., 2017; Hosseinzadeh et al., 2017; Jhorar et al., 2018; Regev et al., 2016) . MHD has increasing applications in the fields of the aerospace engineering, environment engineering and sciences, chemical engineering, mechanical and biomechanical engineering, etc. One of its applications in material processing could be the control of molten metal flow by the magnetic field in the casting industry.
The governing equations of MHD radial flow were originally carried out by Jeffery (1915) and Hamel (1916) .
Steady-state incompressible flow through a parallel plate channel with stretching walls under an externally applied magnetic field has been studied by Abbasi et al. (2014) . Taheri et al. (2017) presented analytical solutions to laminar flow of MHD Newtonian and non-Newtonian power-law fluids in the entrance regions of channels. They observed that an augmentation of the magnetic interaction parameter leads to a greater pressure drop in comparison with a typical hydrodynamic flow without the presence of a magnetic field. Khaki et al. (2014) studied a boundary-layer analysis of an incompressible viscous steady flow and forced convection over a horizontal flat plate.
An efficient computational technique was considered to be a modified decomposition method that was proposed and successfully applied for solving the nonlinear problem of the two-dimensional flow of an incompressible viscous fluid between nonparallel planes (Kezzr et al., 2015) . There have been numerous studies focusing on Jeffery and Hamel's problem without considering the effect of magnetic fields, such as Bougoffa et al. (2016) , Khan et al. (2016b) , and Stow et al. (2001) . To the knowledge of the authors, Axford (1961) was the first to study MHD flow in Jeffrey-Hamel problems. The study represented the exact solutions of the MHD equations for the radial flow of a viscous incompressible fluid between non-parallel walls. In that study, the reduction of the displacement thickness of the boundary layer due to magnetic field presence was observed. Sadeghy et al. (2007) studied a theoretical investigation of the applicability of magnetic fields for controlling hydrodynamic separation in Jeffrey-Hamel flows of viscoelastic fluids. Makinde (2008) investigated the effect of an arbitrary magnetic Reynolds number on a steady flow of an incompressible conducting viscous liquid in convergent-divergent channels under the influence of an externally applied homogeneous magnetic field. Ellahi et al. (2016) studied a Jeffrey fluid peristaltic flow in a non-uniform rectangular duct under the effects of Hall and ion slip. They showed that shear thinning reduces the wall shear stress. On the other hand, there has been a set of nearly-new tracks' semi-analytical and numerical solutions addressing the solution of the problem: the Adomian decomposition method (Ganji et al., 2011) , the homotopy analysis method (Moghimi et al., 2011a) and the homotopy perturbation method (Moghimi et al., 2011b) . Analytical exact solutions in the implicit form for further physical interpretation were presented by Abbasbandy and Shivanian (2012) . As an efficient semi-analytical approach alternative to both numerical and exact (analytical) solutions, the variational iteration method was successfully applied by Mirgolbabae et al. (2009) . Developing numerical techniques for a nonlinear MHD Jeffery-Hamel blood flow problem to analyze the behavior of blood flow and its contribution to high blood pressure through artificial neural networks trained with the Active Set and Interior Point Algorithm was used by Ahmad et al. (2014) . However, analytical and numerical solutions for (MHD) Jeffery-Hamel nano-fluid flow have been frequently in articles (Alam et al., 2016; Ananthaswamy and Yogeswari, 2016) . Khan et al. (2016a) have studied deals with the numerical investigation of Jeffery-Hamel flow and heat transfer in Eyring-Powell fluid in the presence of an outer magnetic field by using the Haar wavelet method. (Schlichting and Gersten, 2000; Withe, 2006) .
According to the above survey, although the numerous investigations focused on MHD flows for different applications, the displacement of the separation point for MHD flows in circular diffusers by changing the magnetic field intensity has not been studied yet. The present work aims to fill this gap by deployment of two different approaches and eventually investigation of the accuracy of the solutions. The separation position is determined directly using the semi-analytical method and so indirectly by the least square method (LSM), and the effect of the magnetic field intensity on the displacement of the separation point is discussed in detail.
Manuscript preparation
Consider a steady, laminar incompressible flow in a twodimensional circular diffuser with a 2α expansion angle, under the influence of a non-uniform external magnetic field, as shown in Fig. 1 .
The r and θ axes are defined as the usual polar coordinate, whereas the r axis corresponds to the direction of the flow and lies on the center line. The flow velocity distribution is considered to be V = [u(r, θ ), 0, 0]. The general governing equations for the defined problem are defined as (Davidson, 2001; Schlichting and Gersten, 2000) ∇ · V = 0,
(1)
Eqs.
(1) to (3) are continuity, momentum and Ohm's law, respectively. The V , J , E, P , σ and B are the velocity vector, the electric current density, the electric field, the pressure, the electrical conductivity and the total magnetic field, respectively. The total magnetic field is B = B 0 +b, where B 0 is the external magnetic field and b is the magnetic field induced.
In the problem, the magnetic Reynolds number is assumed to be small enough, so that the induced magnetic field can be neglected (Roidt and Cess, 1962) . The boundary conditions are defined as follows:
Define η, U (η), the Reynolds number (Re) (28) and the Hartmann number (Ha) as:
By substituting Eq. (5) into Eq.
(2) and after some simplification, we have
Then the boundary conditions are transformed to 
Solution of the problem
The solution of the problem is obtained by means of the two different approaches. In the first method, a dual integralnumerical method (DINM) is employed, and then the separation point was obtained directly. In the second approach, the LSM is used, and the separation point is obtained, indirectly. Furthermore, the fourth-order Runge-Kutta numerical method is used for the validation.
Integral-numerical method
At the separation point, the shear stress vanishes, so the separation occurs if ∂u r ∂θ = 0.
Thus, according to Eq. (6), we can write
In the following, U (η) is analyzed. Equation (6) is integrated with respect to η as
where "s" is constant. Multiplying Eq. (10) in 2U and integrating again give
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Applying Eq. (7b) in Eq. (12) gives
According to the above equation, if C equals zero, the shear stress at the wall becomes zero. By using Eqs. (7a) and (7b) we can write
Combining with Eq. (12), we will have
For small α and large Re, Eq. (15) simplifies as follows:
The trial and error technique is used for solving Eq. (16). It is divided into two parts as follows:
In order to solve Eq. (19), for different Ha, a numerical method is used by trial and error. For accuracy control a comparison between the results obtained from the present work and that by the references (Schlichting and Gersten, 2000; Withe, 2006) , for Ha = 0, is shown in Fig. 2 . It can be observed that there is an excellent agreement among them.
Least square method
The dimensionless velocity distribution for the separation region, which is adjacent to the separation point (corresponds to (αRe) sep. ), is obtained by the solution of Eq. (6) using the least square method (Moakher et al., 2016; Vahabzadeh et al., 2015) . Owing to that the boundary conditions must satisfy the trial solution; the trial solution can be assumed as
For example, when Re = 150, α = 2.5 • and Ha = 1, by substituting Eq. (20) into Eq. (6) one equation with seven unknown coefficients is obtained. With some algebraic manipulation and by derivation with respect to each coefficient, seven equations with seven unknown coefficients are generated. The coefficients are calculated by solving the system of equations. Then by substituting the coefficients into the trial solution, the dimensionless velocity profile is determined as 
The value of C is defined according to Eq. (13), and then we will have αRe = 6.54498, C = 0.7485315026.
In the same way, the value of C is calculated for the different values of αRe and Hartmann number. To verify, the results of the integral method and the LSM are plotted in Figs. 2 and 3. Table 1 represents the results for the dimensionless velocity field, obtained from the two different approaches, which are employed in this study, i.e., the numerical method and the LSM. Comparing the results shows a reasonable agreement between them.
Results and discussion
In Table 2 , the results obtained from DINM are presented. The first row of the table shows the separation point information (corresponds to C = 0), and it can be seen that as the Ha number increases, the value of αRe in which the separation occurs increases as well. It should be noted that α times Re is correlated with radial position and for the specified problem the separation occurs further downstream at distance from the inlet.
In the physical aspect, the Lorentz force is proportional to velocity, and it has a higher value in the center region. As a result, the velocity profile becomes flatter by imposing a higher magnetic intensity. Thus, for a certain velocity at the diffuser inlet, the momentum becomes higher near the wall by imposing the magnetic field and separation shifts downstream. Also, with an increasing magnetic field (Hartmann number), the Lorentz force increases, so that the separation is delayed and the αRe sep. value increases as shown in Fig. 3 .
The dimensionless velocity profile for Reα = 14.76αRe = 14.76 at a certain cross section is shown in Fig. 4 . By the magnetic field (Ha) augmentation, αRe sep. increases; then, for Ha = 2, the dimensionless velocity profile becomes tangent. For Ha = 0 and Ha = 1, there are back flow and for Ha = 3 the back flow does not occur.
In Fig. 5 , the effect of the magnetic field on the fluid flow regime is demonstrated. As can be seen, for Reα smaller than αRe sep. , the dimensionless velocity vectors are positive directions, which means there is no separation, whereas for the Reα larger than αRe sep. , there is a reverse flow. For example, as is seen in Table 3 , the αRe sep. value corresponding to Ha = 2 is 14.76. For αRe = 9.18 and αRe = 11.99, the dimensionless velocity profile is "normal", while for αRe = 17.45 there is a reverse flow near the wall. In the physical aspect, the dimensionless velocity gradient should be zero on the wall in the separation point. As a validity discussion, it is expected that for a separation point with characteristic αRe = 14.76 and Ha = 2, the dimensionless velocity profile at η = 1 is tangential to the η axis. For the sake of clarity, this along with three other cases are shown in Fig. 6 .
Conclusions
In this paper, the separation point displacement for the steady incompressible laminar flow, through a two-dimensional circular diffuser due to the variation of the imposed magnetic field intensity, was investigated. It was concluded that, by increasing the magnetic field intensity, the Lorentz force increases and the separation is delayed. Moreover, in a diffuser of certain conditions, with adjustable magnetic field intensity, one can increase the magnitude of the Lorentz force up to a level that the separation will not occur on the walls. 
